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Sources for Chern-Simons theories 

Jose D. Edelstein and Jorge Zanelli 



Abstract The coupling between Chern-Simons theories and matter sources defined 
by branes of different dimensionalities is examined. It is shown that the standard 
coupling to membranes, such as the one found in supergravity or in string theory, 
does not operate in the same way for CS theories; the only p-branes that naturally 
couple seem to be those with p ~ 2«; these p-branes break the gauge symmetry (and 
supersymmetry) in a controlled and sensible manner. 



1 Introduction 



> 

f»-^ ' Chern-Simons (CS) theories have a number of appealing attributes that make them 

interesting candidates for the description of natural phenomena. In spite of their 

Cn ' promise, they also present a number of puzzling features that set them in a different 

class from other gauge theories, such as those that have been successfully used for 



C^^ ' the description of the Standard Model. In the case of higher (than three) dimensional 



CS theories, aiming at describing gravitational physics, several important difficul- 
ties emerge. Prominent among these, stands the problem of how to couple them to 
different forms of matter such as, for instance, branes of different dimensionalities. 
These extended objects, whose existence is familiar in the context of string the- 
k> , ory, play a natural role in CS gravitational theories based on supersymmetric exten- 

\^ ' sions of both the Poincare and the anti de Sitter (AdS) groups. In the particular case 

of IID, while M-theory is well-known to possess two kinds of branes -the electric 



Jose D. Edelstein 

Departament of Particle Pliysics and IGFAE, University of Santiago de Compostela, Spain 

Centro de Estudios Cientificos, CECS, Valdivia, Cliile 

e-mail: j edels-at-usc-dot-es| 

Jorge Zanelli 

Centro de Estudios Cientificos, CECS, Valdivia, Chile 

e-mail : |z-at-cecs-dot-cl| 



2 Jose D. Edelstein and Jorge Zanelli 

M2- and the magnetic M5-branes-, the very same objects naively appear in a CS 
theory based on the M-algebra ||T|. It is not clear, however, whether these objects 
actually belong to the spectrum of CS theory, and how they couple to the remaining 
fields. We shall address both problems, on general grounds, in the present article. 

Interactions with sources provide a handle to probe the perturbative structure of 
quantum theories, but that requires a well defined expansion of the interacting theory 
as a power series in a weak coupling parameter In this manner, currents generated 
by point charges -and more generally, by charged extended objects such as strings 
or higher dimensional branes-, are standard mechanisms that allow extracting pre- 
dictions from the effective low energy limit in string/supergravity theories, which 
are in principle experimentally testable. 

On the other hand, the perturbative expansion as a power series in the coupling 
constant seems to be of little use in a CS system: CS theories are highly nonlinear 
and self-interacting in a way that it is not possible to distinguish between the "free" 
and the "interacting" parts of the action without making a severe mutilation of the 
system. CS Lagrangians have no adjustable coupling constants (dimensionful or 
otherwise). This a priori appealing feature has a downside: the separation between 
background and perturbations is not clear-cut either 

A further complication is that since CS actions do not involve a metric, there 
is no notion of energy, and hence no energy scale is naturally defined in them. An 
energy scale can be introduced only at the cost of breaking gauge symmetry. In this 
sense, CS systems can be viewed as the analog of noble gases in chemistry, because 
they would not interact or bind to any other form of matter. It may seem as if they 
are inert, subtle beautiful structures to be admired, unrelated to the physical reality 
of the world. Here we will argue that this is not quite true: there is no obstruction 
to the coupling between membranes whose worldvolumes are odd-dimensional and 
non-Abelian CS systems. 

On the road to understand such couplings, one faces the issue of uncovering 
the BPS spectrum of supersymmetric higher dimensional CS theories. Besides the 
expected presence of BPS branes preserving one half or one quarter of the original 
supersymmetries, it is interesting to seek for possible states preserving all but one 
supercharges that may be understood as constituents of the former. These so-called 
BPS preon states were proposed in |2]|, and they were recently alleged to exist in the 
osp{32\l) CS theory (and presumably in other related theories) [3!|. The existence 
of preons has also been recently ruled out as solutions of the presumed low-energy 
limit of M-theory, the Cremmer-Julia-Scherk (CJS) supergravity |41. Here we show 
that the arguments presented in fj] are appropriate as well for CS theories based on 
extensions of the AdS algebra, but they need a subtle improvement for the case of 
Poincare based theories such as the CS supergravity for the M-algebra. 



Claudio Bunster was a promoter of the idea that the world history of a point 
particle, as well as that of the entire Universe, can be viewed as similar objects, to 
be treated quantum mechanically in a similar way Q. Bunster was also a pioneer 
in considering currents with support on branes as sources coupled to p-form gauge 
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potentials. In ||6l, he showed that it is impossible to minimally couple a non-Abelian 
connection to a p-brane for p > 0. It is therefore a suitable form of tribute to cel- 
ebrate his sixtieth birthday, to discuss a context in which this obstruction can be 
circumvented. 



2 Remarks on the BPS spectrum of CS supergravity 

A key feature of higher dimensional supergravity theories (and, more generally, of 
string/M-theory) is their natural coupling to certain branes. The dimensionality of 
these objects is strongly restricted by the tensorial properties of the field content of 
the theory. In IID supergravity, for instance, the three-form field couples naturally 
to an electric 2-brane (M2) or to a magnetic 5-brane (M5). Moreover, these branes 
are BPS states, their mass being quantum mechanically equal to their charges. 

The BPS spectrum of higher dimensional CS theories is not yet well understood. 
There are some scattered examples in the literature but no general results or exhaus- 
tive studies have been undertaken so far In the present section we will illustrate 
some of the difficulties that this problem embodies. We will focus on the case of 
the CS supergravity for the M-algebra, though our results are quite general. We will 
argue that it may be necessary to reconsider the way sources and couplings come 
into place in these theories. A concrete proposal is then presented in the forthcoming 
section. 



2.1 CS supergravity for the M-algebra 

One of the nicest features of CS supergravities is that, being gauge theories, their 
dynamical variables are connections living in a given Lie algebra. Their fiber bun- 
dle structure seems an auspicious starting point towards a quantization program. 
However, this is an intricate problem, mostly due to the existence of highly nontriv- 
ial vacua with radically different dynamical content and the lack of a perturbative 
expansion around many of them 17] H) . 

It is possible to write down a CS supergravity theory with the symmetry dictated 
by the so-called M-algebra explicitly realized off-shell H]. Soon after the discovery 
of M-theory ||9l, it was suggested that CS supergravity might provide a co variant 
non-perturbative formulation of quantum M-theory ifTOl based upon osp{32\l), the 
minimal supersymmetric extension of the AdS group in 1 ID. The observation that 
this theory violates parity conservation (a symmetry that, for consistency, should 
be present in M-theory iHTI ). prompted the suggestion of a CS theory based on 
osp{32\l) X osp{32\l) lfT2l . These CS theories have a number of nice features that 
include the presence of a central extension whose tensorial character matches that 
of an extended object Uke the M5-brane. The M2-brane, instead, enters the game in 
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a less natural way. A CS theory based on the M-algebra puts both basic constituents 
of M-theory in a more democratic ground. 

The M-algebra includes, apart from the Poincare generators J„/^ and ?„, a Ma- 
jorana supercharge Qa and two additional bosonic generators, Z„i and Tjabaie that 
close the supersymmetry algebra HjI . 

{Qa,Qj3} = {Cr")^pPa + {Cr"')aijZab + {Cr"'"'')aijZai,c:de 

where the charge conjugation matrix C is antisymmetric. The "central charges" Z^b 
and Zabcde are tensors under Lorentz rotations but are otherwise Abelian generators. 
It must be stressed that the M-algebra is not the same as osp (32 1 1 ) , nor a subalgebra 
of the latter, and not even a contraction of it. The M-algebra can be obtained through 
an expansion of osp{2>2\\), which corresponds to an analytic continuation of the 
Maurer-Cartan form lfT4l [TSl . This mechanism was used to obtain the actions for 
the corresponding algebras in lfT6l . 

The field content of the theory is thus given by a connection in the M-algebra, 

^=\ (O"" iab + e" P„ + -L ^« Q„ + bab^ Z,, + bff' Zabcde , (2) 

where e and o describe the metric and affine features of the spacetime geometry 
(including torsion); i// is the gravitino, and bm and b\s\ are Abelian gauge fields 
in antisymmetric tensor representations of the Lorentz group. The field strength 
^ = ds^ + ^ A ^ reads 

^ = ^R"' iab + f" P„ + i= ^ V^« Q„ + /?«!' Z„, + Ffl"'^ Zabcde , 0) 

where R"^ — dm"'^ + O)" A »'* is the curvature 2-form, and 

(4) 



[k\ -■^'^[k] ^y^ V- 



It is important to specify at this point the expression for the covariant derivative 
acting on the gravitino, ^i/" = dy/" + ^©"^ji/^. 

The CS fornu is the Lagrangian of the theory, constructed through the standard 
requirement that d'l^n = (^ A • • • A J?), where the bracket (• • •) stands for a mul- 
tilinear form of the M-algebra generators G^ whose only non-vanishing bosonic 
components are 



' In general, for a 2n — 1 theory, the Chem-Simons fonn is given as d^^2n-i = {^ A • • • A ^) {n 
times), (• • •) being an invariant tensor for the con'esponding Lie algebra. 
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As a consequence of this, the equations of motion are quintic polynomials in the 
curvature, 

(=^A---AJ?Ga)=0. (6) 



2.2 Preons in the CS M-theory 

The spectrum of BPS states in M-theory goes beyond the M2- and M5-brane. By 
algebraic reasoning, one would expect to have so-called preons. These are states that 
preserve the supersymmetric invariance due to all but one real supercharge compo- 
nent. For instance, in 1 ID, this amounts to 31 real supercharges. It has been argued 
that CS supergravity possesses BPS preons in its spectrum Q. That proof, however, 
is somewhat biased by the assumption that the relevant Lie algebra is 05/9(321 1 ). In 
this section we will closely follow the compelling algebraic reasoning presented in 
im in support of a proof of existence of BPS states in CS M-theory. 

Assume that we are interested in a BPS preon solution preserving 3 1 real super- 
charges. This means that there are 31 (real components of the generalized) Killing 
spinors, Cy", / = 1 ...31. They are defined in terms of the differential operator 
that generates the supersymmetry transformation of the gravitino, 5i^" = ^Ej" = 
dej" + Qa ej ■ There is a single bosonic spinor A^, orthogonal to ej", ej" Xa = 0, 
that characterizes the expected preonic state. It is natural, then, to call it |A), which 
schematically satisfies £7" Qa |A) =0, for all J. Thus, Qa |A) = Aa |A), and there- 
fore, P„n |A) = Aa Aft |A). It is useful to complete the basis of spinors both with in- 
dices up, {ey",w"}, and down, {»■' a,Xa}- It is always possible to choose both bases 
in such a way that they are orthogonal w"Xa = 1, £j"u' a = Sj, w^u' a = £j"Xa = 0. 

The £j" are Killing spinors, ^£j" = 0, and since d{£j" Xa) = 0, it turns out 
that ^Xa is proportional to Xa- Let us thus define the one-form A as 3^ Xa =AXa- 
The application of two consecutive covariant derivatives yields 'S^Xa = ■'S^a Xp, 
where Ma is the generalized curvature two-form 

£?J =dQj-Qa^AQ/ . (7) 

On the other hand, by applying the exterior derivative to the remaining orthogonal- 
ity relations, the expression for the covariant derivatives of the remaining spinors 
^u'a = B' Xa, where B' is a collection of 31 1-forms, and ^w" = —Aw"—B' £/", 
are easily obtained. Performing now the same trick on w'^!^Xa and ej"^Aa, one 
gets 'Sl'3Xa — dA Xa- It is easy to play the same trick with u^a, with the result 
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&2iu'a = MJ m^/3 = VB^Aa, where VB' = dB' +AAB'. All in all, we can decom- 
pose both Q and ^ in the spinorial basis as ^ 

nj =AXa w^ + B' Xa ei^ - dXa wP - du'a ei^ , 

(8) 
^J ^dA Xa wP + VB' XaSi^ ■ 

Now, let us complete the argument used in |3| for the case of the smallest AdS 
superalgebra oi/9(32|l). The bosonic part of the connection is a one-form in the 
subalgebraip(32) 

i2-p(32|l) ^]^,^r" + ]^ COahF"'' + ^ b^bcder'"''' ■ (9) 

Thus,i2«/^ =X2^«, thatis, i2["'^l = 0. Both i2 and ^belong to ip(32). Thus, they 
are traceless i2«" = Ma" = 0. This means A = 0, then .^a^ = dB'XaEi^. This 
implies that the generalized supercovariant curvature is nilpotent Q 

^a^A^/=:0, (10) 

due to the orthogonality e/"Aa = 0. Now, since the gauge connection in the 
05p(32|l) CS supergravity, s^/ precisely matches Q, then ^ = M. The equation 
of motion (that formally looks like Q) is, then, always satisfied for a BPS preonic 
configuration. Still, it is necessary to check the actual integrability of eq.dTOli. as 
there might be, for instance, topological obstructions. 

Now, coming back to the case of the M-algebra, it is important to stress that 
QM-aigebra ^ ^ (o^^r"'' , which is not £/ . Then, ^ = \R"''iab + ^- The nilpotency 
of M, thus, does not guarantee a priori the solution of the CS equations of motion. 
This is a generic feature of all theories built as extensions of Poincare CS supergrav- 
ity (see, for example, ifTTl ). Notice that this is qualitatively different to the behavior 
of ArfS'-based Lie algebras. The connection between both kinds of theories, though, 
is well understood ||T6l . However, recalling that the nonvanishing components of 
the invariant tensor for all these theories look like those displayed earlier in (|5]), we 
can conclude that at least four factors in eq.® admit the replacement J^ -^ S?,, and 
this guarantees that the preonic configuration - if no topological obstruction arises 
and it actually solves ( fTOl i - always satisfies the CS supergravity equations. 



2.3 Difficulties with the standard M-brane construction in CS 
theory 

In standard supergravity one typically "deduces" from a given SUSY algebra that 
there are BPS states. Applying the same analysis to a CS theory in a straightfoward 
manner meets with severe difficulties that cast doubt on the viability of the strategy. 
In order to fix ideas, let us begin by recalling how it is that standard supergravity 
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couples to a membrane. The excercise will suggest why a similar strategy would not 
work for a CS supergravity. Let us present the argument through an example. 

Consider a flat M2-brane extended in the x' -x^ plane. It should be associated with 
a non-zero value of Z12 (the very presence of the M2-brane breaks the Lorentz group 
from 5(9(1, 10) to 5(9(1,2) x 5(9(8)). Let us choose the Majorana representation in 
which C = F" [(F**)^ = 1]. In that case, for a static membrane, 

{Qa,Q/3} = 5„|3^0 + (r'"2)„^Zi2. (11) 

In 1 ID, the Majorana spinors Q^ are real. So, the left hand side is manifestly pos- 
itive definite. The sign of Z12 can be flipped by replacing a membrane by an anti- 
membrane. Instead, Pq ^ 0. Thus, as a consequence of the positive definite bracket, 
using Witten-Olive's construction ifTSl . it turns out that 

^0>|Zi2|. (12) 

A BPS ]yi2-brane is expected to saturate the bound, Pq = '^M, 

{Qa,Q/3} = ^o[iTr«"]„^ . (13) 

Spinors e satisfying F*"^e ~ ±e are eigenspinors of {Qa,Q/j} with zero eigen- 
value. These are the spinors corresponding to the 1/2 unbroken supersymme tries. A 
similar argument holds for the M5-brane. This argument is naively independent of 
the dynamics, i.e. whether it is given by a CS Lagrangian or that of Cremmer-Julia- 
Scherk. We will come back to this point shortly. 

In standard CJS supergravity, 5i// = {d + Q.^^^) e, with the connection given by 
the 32 X 32 matrix valued 1-form 

An M2-brane has non-vanishing /tii2r, '" being the transverse radial direction. Im- 
posing 5i/A = leads to three different equations, 5\)f,„ = S\)fr = Sy/s = 0, where 
OT = 0, 1 , 2, r amounts for the radial direction and s runs over transverse indices. The 
second equation just provides a differential equation that dictates the radial depen- 
dence e(r). Now, since the spinor e obeys a chirality prescription, we see that, 

Sy/m = 2 (Omah^" £ - —£mnpr"'" Foi2r£ = , 

(15) 
SYs = \ COsabP^'e + ^r°'^[,Foi2r£ = , 

and we see that, provided the only non-vanishing components of the spin connection 
are co^'' and co^'', which is the case in standard supergravity for a natural D-brane 
ansatz, previous equations would only lead to non-trivial solutions provided, pre- 
cisely, the chirality condition F^'^e = ±e is imposed on the spinor The whole 
picture is self-consistent. 
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Instead, in CS M-theory supergravity, the supersymmetry transformation of the 
gravitino is dramatically simpler, dy/fi = D^e = 0, the only difference having to 
do with the fact that now (O can have a contorsion contribution, co ^ co^^' + K. The 
naive expectation is that k should play the role of the Am form. For example, A pi = 
e" A e* A K^b lfT9l . However, whatever is the case, the above equation would lead 
schematically to 

(air"^ + a2r"')e = Q, (16) 



and this could never reduce to F^'^e = ±£, the projection that, according to our 
simple algebraic argument, is necessary for the M2-brane. At best, the resulting 
condition, if consistent with the M2-brane projection, would lead to a 1/4 super- 
symmetric configuration that does not correspond to the M2-brane. 

This is not the end of the story. For Chern-Simons theories one cannot rely on 
the naive analysis performed using the M-algebra. We know that the canonical struc- 
ture of these theories is intricate. We should first check whether we are working in 
a degenerate sector or in a generic one, and use Dirac's formalism thoroughly to 
determine the exact form of the supersymmetry algebra on the constraint surface. 
This was partially done for 5D CS supergravity in |^20l. A necessary step to put our 
conclusions on a firm ground involves a generalization of this analysis to the 11 D 
case, which is not an easy job. It is still intriguing to figure out how the inconsistency 
between the F matrix structure of the algebra and the supersymmetry transforma- 
tion laws shall be solved. For this to happen, the actual F matrix structure should 
change after the Dirac analysis. This would lead to the very interesting scenario in 
which the starting point might be quite a rather strange looking CS theory whose 
constrained algebra looks like the M-algebra. This seems very hard to implement. 

In what follows, we present an alternative route to couple a CS theory to a brane, 
taking as a model the electromagnetic coupling to a the worldline of a point-charge 
(0-brane). Starting from the observation that the electromagnetic coupling is also 
the integral of a CS form, the coupling is generalized to higher-dimensional branes 
and to non-Abelian connections. The resulting structure may not be the most general 
form, but it has the advantage that it exploits the geometric features of the CS forms 
to bring about the interactions (no metric required, topological origin, quantized 
charges, etc.). 



3 CS actions as brane coupling 

A Chern-Simons action is a functional for a Lie-algebra valued one-form £/, defined 
in a topological space of dimension D = 2n + l, 

hn+lW] = ^ / E C, (=^2/.+ ! ^ (^^)"-*.) ^ (17) 

n + 1 Jr2"+i ^to 
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where (• • •) denotes the symmetrized trace in some representation of the Lie algebra, 
si^P means s^ l\- ■ ■ l\s^ (p times), {d£/)i should be analogously understood as 
dsi l\ ■ ■ ■ l\ds^ (q times), q. are specific coefficients (cq ==1), and k" is a constant, 
known as the level of the theory. The fundamental difference between CS theories 
and the vast majority of physical actions is the absence of a metric structure and 
of dimensionful parameters in the former. This makes the theory simultaneously 
scale invariant, covariant under general coordinate transformations, and background 
independent. 

The simplest example of a CS action is the familiar minimal coupling between 
an electric point charge and the electromagnetic potential, 

fj^ad"x . (18) 

Since the current density j^^ has support on the worldline of the charge, ( fTSl ) can also 
be written as an integral over a (0 + 1) -dimensional manifold, which corresponds to 
the case « = in Eq. ( [TtT i. 



/o+iK] = Jc/ {.s/). 



(19) 



Here the manifold F^ is the worldline of the charge, a 1 -dimensional submanifold 
embedded in the higher-dimensional space M^, which is identified as the space- 
time. The D-dimensional embedding spacetime may have a metric which induces 
a natural metric on the worldline, but this metric is not necessary to construct the 
action. 

In 161, Bunster analyzed the generalization of (fTSl l to describe the coupling be- 
tween a {p— 1 )-brane to a gauge potential, with an interacion of the form 

Ilnr = I ^ /"'^■''" A^,^,...^/^X . (20) 

He showed that this form of minimal coupling can only be defined (for any p> \) 
if the connection is Abelian, i.e., it transforms as A ^ A +dA, where A is a (real 
valued) {p — l)-form. The extension to non- Abelian connections was shown to be 
inconsistent due to the noncommutativity of the Hamiltonian at different times. As 
we show below, this obstruction does not arise if the branes couple to CS forms, 
Abelian or otherwise. 



3.1 0+1 CS theories 

As emphasized in | |2T| . the same expression ( fTSI l can also be interpreted as the ac- 
tion, in Hamiltonian form, for an arbitrary mechanical system of finitely many de- 
grees of freedom 1221 . Therefore all mechanical systems are also examples of CS 
theories. Moreover, the Bohr-Sommerfeld rules of quantum mechanics, as well as 
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Dirac's quantization rule for electric-magnetic charges, can be seen as consequences 
of the topological origin of CS theories, the Chern classes. So, CS theories are far 
from exceptional, they seem to be rather commonplace in physics. 

For most Lie groups of physical interest (unitary, orthonormal), the generators are 
traceless and therefore (^) = 0. The only important exception is the U{1) group, 
and therefore one should look at the coupling between an electric charge e = K and 
the electromagnetic field. 



I = eJ ^£^^{z)dz^ , (21) 

where z^ are the embedding coordinates of the worldline F^ giving the position 
of the charge in M^. The interesting point is that the electromagnetic interaction 
is a model that captures the essential features of the coupling between higher- 
dimensional CS theories and branes. 

The point charge is described by a delta function with support at the position of 
the charge on the spatial section x^ = constant. The interaction term is 

yf^'V^, (22) 

where 

ji;'-'^^Kd^''-'\x~z)dn^-'. (23) 

Here dQ^^^ is the volume form of the spatial section in the rest frame of the charge. 
The action (|2TI) by itself can be varied with respect to the embedding coordinates z^ 
which, in the mechanical interpretation, are the enlarged phase space coordinates, 
Z^ <-> {p',qi,t) II2TI . This means, in particular, that the embedding space must be 
odd-dimensional. This underscores the fact that a CS theory in a spacetime of di- 
mension D = (2« + 1 ) can be naturally coupled to a + 1 Chern-Simons action de- 
fined on a one-dimensional worldline. This idea may be easily generalized to include 
CS actions for all lower (odd-) dimensional worldvolumes generated by 2p-branes, 
with /? < «, as we show next. 



3.2 (2n+l)-dimensional Abelian CS theories and 2p branes 

Comparing ( fTTI i with the expression for the coupling between a point charge and the 
electromagnetic potential ( fT9] l, it is clear that a {2p + 1 ) CS action, can be viewed 
as the coupling between the connection and a 2p-brane 12311211 . One is then led 
to consider the general coupling between an Abelian connection jz/ and external 
sources with support on the (2p + 1) -worldvolumes of all possible 2/?-branes that 
can be embedded in M^"+' , 

/2„+l H = f t fir"'^ A ^^2,+ , ^tK, f ^2,+ i . (24) 
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Here the levels Kp are independent dimensionless coupling constants that can be 
identified with the "electromagnetic" charges|3 For simplicity we set k„ ~ 1 here. 
The simplest rendering of this form is p = 0, « = 1 : a point charge acting as the 
source of a 2 + 1 Abelian CS connection. The action reads 






-£/Ad£/ + JQ^ A. 



(25) 



Assuming F^+' to be compact and without boundary, the action can be varied with 
respect to £/. The field equation reads, not surprisingly, 

^ = ;f , (26) 

(2) 

where Jq is the 2-form charge density describing a point charge at rest, 

/q^ ^KQ8^^\z)dxAdy. (27) 

The field £/ is given by 

^ = ^d<p , (28) 

as shown by direct integration of the field equation d£^ = Kod{x,y)dxAdy on a disc, 
and using Stokes' theorem on a manifold that is topologically M? — {0}. This source 
produces a magnetic field (^o/ = 0) concentrated along the worldline of the charge, 
like an infinitely thin solenoid (with the only pecularity that the solenoid is infinitely 
long in the time direction) ll24l . So, this configuration is the electromagnetic field 
produced by a magnetic point source (monopole). 

Similarly, a (2« + 1 )-CS form couples to the worldvolume of a charged 2/:'-brane 
through the interaction 

ygr^^'A^^^p+i, (29) 

where J2" ^ stands for a (2n — 2p) form with support on the worldvolume of the 
2p brane embedded in the (2n + 1) -dimensional spacetime, and the field equations 
read 

^"=^7*5,""^"^^". (30) 

p 

where ^'' = ^ A- ■ ■ A-^ (k times). 



^ Local gauge invariance of the Chem-Simons form guarantees that l2„+\ \ii\ is gauge invariant 

provided the currents y, " ' are closed (conserved), rfj^,," ' = 0. Under quite general argu- 
ments, analogous to Dirac's for the quantization of the electric/magnetic charges, it can be shown 
that these charges must also be quantized. 
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3.3 Coupling of non-Abelian CS actions to 2p-branes 

The above construction can be extended to non-Abelian connections simply allow- 
ing '^2p+i to be a {2p + 1) CS form for the same non-Abelian connectioqj jz/. 
However, the generalization meets an important new constraint: the invariant tensor 
Taia2-a„+i of ^ given Lie algebra, with generators Ga, a = 1 , 2, • • • r, 

required for the CS action in 2« + 1 dimensions (see, for example, eq.(|5]l), may not 
be defined for all values of n. It is an open problem how many invariant tensors 
of a given rank there exist for a given Lie algebra. This puts a severe restriction 
on the kinds of allowed couplings between a non-Abelian connection s^ and a 2p- 
brane. Generically, one could write ( |29] l as in the previous case, but since there is no 
guarantee that a given Lie algebra admits an invariant tensor of a certain rank, many 
CS forms '^(o2p+\ may vanish identically. 

An alternative possibility is that the 2/:'-brane couples to a {2p + 1)-CS form 
constructed with the invariant tensor for a subalgebra of the Lie algebra defining 
the local symmetries of the theory in the embedding space M""+'. In fact, the pres- 
ence of the brane generically produces a topological defect that partially breaks the 
original gauge symmetry. The surviving symmetry forms a subalgebra that admits 
an invariant tensor that can be used to construct a CS form on the worldvolume of 
the brane/defect. This was observed to occur in the presence of a codimension 2 
topological defect [25j. There, the defect breaks the gauge symmetry SO{D— 1,2) 
down to SO{D — 2,1), giving rise to a gravitational action inD— I dimensions out 
of a topological invariant in D + 1 dimensions. 

Another interesting feature of this mechanism of symmetry breaking by a 2p- 
brane is this: suppose one couples a connection for the AdS algebra in 2« + 1 di- 
mensions; the worldvolume of the branqj, is a manifold of dimension 2/7 + 1, and 
the maximal symmetry of the tangent space is SO{2p,2). Since the number of com- 
ponents of a spinor representation goes as 2^^'^', for every reduction by two in the 
dimension of the brane, there is a reduction by half in the number of components of 
the possible Killing spinors admitted by the configuration. This means that one can 
expect to generate 1 /2, 1 /4 (in general 1 /2''') BPS states in this manner. 

One alternative to the breaking would occur if the fermions in the space with 
a defect are combined in complex representations. For instance, starting from 11 D 
and an osp{32\l) real spinor with 32 components, the presence of a codimension 
two defect would break the spacetime symmetry down to io(8,2) x so{2) admitting 
a complex spinor with 16 components. The supersymmetric extension of the AdS 
group in 9D is 5t/(8,8|l). Topological defects will host Killing spinors living in 



^ Note that although si/ may be a non-Abelian connection, ^2;j+i is in the center of the algebra and 
hence commuting. In this way, the obstruction presented in can be circumvented. 
'* These arguments may be extended to the case of spacelike worldvolumes. The fate of supersym- 
metry is unclear in this case, though. 
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representations of the latter group and this generically implies the breaking of a 
fraction of the original supersymme tries. For particular values of the parameters, 
however, it might happen that the defect preserves all the supercharges (see the 
example below). 

An interesting case that deserves further discussion is that of a membrane cou- 
pled to an IID CS theory for the M-algebra. It is not hard to be tempted to identify 
such an object as the M2-brane. Notice that its coupling to the gauge connection 
is given through a 3D CS action based at most on the maximal supersymmetric 
extension of io(2, 1) x io(8). This term is reminiscent of the action for multiple 
M2-branes recently unveiled by Bagger and Lambert |26|. No doubt that there are 
important differences, such as the presence of extra scalar fields (and their super- 
symmetric partners) and the fact that the CS Lagrangian in the BL theory is based 
upon a 3-algebra. Our approach attempts to address how these branes couple to the 
11 D fields while BL theory aims at describing the dynamics of multiple M2-branes 
on their own. They are not on equal footing. However, we find striking that our in- 
dependent proposal for the introduction of M2 -branes in a CS theory based on the 
M-algebra possesses these similarities and consider that this is a worth exploring 
avenue for further research. 



3.3.1 Example: Topological defects 

Branes are, in a broad sense, topological obstructions, like boundaries and defects. 
They restrict the continuous differentiable propagation on the manifold, which have 
topological consequences for the allowed orbits and for the spectrum of the differ- 
ential operators. CS systems are particularly sensitive to the topological structure 
of the spacetime on which they are defined, and therefore the coupling between a 
connection dynamically governed by a CS action and a brane is necessarily nontriv- 
ial. Instead of developing a general theory for this problem, we illustrate this with 
an example. The discussion will remain at an introductory level and the reader is 
encouraged to look for the relevant sources as they become available. 

Consider a (2« + 1 ) -dimensional AdS spacetime where a point has been removed 
from the spatial section. The evolution in time of the missing point is a removed 
1 -dimensional worldline. The resulting topology is not that of AdS and it allows 
for nontrivial winding numbers for 5^^^ spheres mapped onto the spacetime. In 
principle, there could be an angular defect concentrated on the removed line, which 
measures the strength of the singularity. The defect is produced by an identification 
in the angular directions whereby the soUd angle Qd-2 of the S^^^ sphere is shrunk 
to (1 — a)i2o_2 The metric produced by this angular defect can be written as 

ds^ = -{l+p-)dT- + {l+p^)-^dp- + a^p^dQl_2. (32) 

It is straightforward to check that this metric has a naked curvature singularity in the 
angular components of the Riemann tensor. 
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R"L = 



^ ^ VT+M ' 



>"1 , (33) 



while the remaining components are those of a constant curvature, ^"'^q^ = — 1, 
R\p = R''"^_p = ~5"p. This looks hke the standard (2n + 1) AdS CS black hole 
(in r(p) radial coordinate) IZTl . However, for < a < 1, the (dimensionless) mass 
parameter corresponds to a "negative mass black hole", — 1 < M{a) < 0, which is 
just a naked singularity ll28l . 

The resulting space does not admit Killing spinors and the singularity cannot 
correspond to a BPS configuration, except for D = 3 in the limit when the angular 
defect becomes maximal (a ^ 1). This special case, M = 0, corresponds to a mass- 
less 2+ 1 black hole and the space now admits half of the Killing spinors of the AdS 
spacetime. In this case, the defect can legitimately be called a BPS 0-branqj |[28l . 

The massless 2+1 black hole can also be generated through a particular identi- 
fication by a Killing vector in AdSs space and this mechanism can be repeated in 
higher dimensions: starting with AdS2n+i, an identification with a Killing vector 
that has a fixed point generates a topological defect at the fixed point and breaks 
the symmetry from SO{2n,2) down to S0{2n — 1, 1) x /?. The AdS space has max- 
imal supersymmetry with 2" component spinors; the topological defect can have at 
most 2"^' local supersymmetries, that is 1/2 BPS. Additional breakings generated 
by further identifications with Killing spinors, would reduce the supersymmetry to 
1/4, 1/8, etc. Il28ll30l . This topological symmetry breaking was recently exploited 
in ll25l to generate an effective Einstein-Hilbert action in four dimensions from a 
topological defect in a six-dimensional topological field theory. 



4 Summary and gambling on future directions 

We have presented a proposal for the coupling of sources in CS theories. When the 
spacetime dimensions is D < 3, this amounts to the standard minimal gauge cou- 
pling. However, for higher dimensional CS theories this produces new interaction 
terms with a number of consequences on which this article just offers a first glance. 
The coupling is entirely given in terms of the connection of the original theory and 
does not require (the otherwise problematic) non-Abelian p-forms to couple directly 
with extended objects such as branes. We argue that this suggests the need to revisit 
the exploration of the BPS spectrum of CS theories, a certainly difficult subject, 
in a way that possibly circumvents naive obstructions to the existence of expected 
objects such as the M2-brane in a CS theory based on the M-algebra. 

We have explored the existence of preons in CS theories. Following the algebraic 
reasoning introduced in |[3], we have shown that it applies to CS theories based 
on extensions of the AdS algebra, but needs some improvement for the case of 
Poincare-based theories such as the CS supergravity for the M-algebra. We should 



^ For D > 3 the massless black holes also have a curvature singularity and are not BPS, as shown 
in(29l. 
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emphasize that even if the integrabihty conditions of the local Killing spinor con- 
ditions are consistent with the equations of motion, it is still necessary to scrutinize 
the actual integrabihty of the equations, as there might be, for example, topological 
obstructions. 

Our proposal for the introduction of sources implies a novel mechanism of sym- 
metry breaking through the presence of defects in CS theories. Since the couplings 
are given in terms of CS forms with support in lower dimensional submanifolds, 
they will be written generally in terms of subalgebras of the original algebra. 

The quantization of CS theories is an important problem. The case of + 1 is just 
the old Bohr-Sommerfeld quantization 121]. The 2 + 1 case is well-understood; the 
path integral is given in terms of knot invariants pij. The corresponding quantiza- 
tion for higher dimensions remains an open problem. 

The emergence of a dimensionful physical scale in the theory may arise through 
condensates of the form (^ • si) ^ 0, where the bracket is an invariant tensor of the 
reduced (physical) symmetry. For instance, in a CS theory based on the AdS group 
broken down to the Lorentz group, ( jz/ • si) reduces to e" e\ r\ah — ^ g\\.v- The rem- 
nant Lorentz symmetry suggests the possibility that the induced dynamics may be 
governed by the Einstein-Hilbert action. This is indeed the case in the scheme stud- 
ied in II25I . and might be a promising avenue to explore the (still open) connection 
between CS theories and ordinary supergravity. 
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